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A Sequent Formulation of Conditional Logic
Based on Belief Change Operatioris

Peter Roeper

As part ofhis well-knowninvestigation of the theory of belief change Pékérdenfors
hasdeveloped a semantid¢sr conditionallogic, based orthe operations ofexpansion and
revision of states of informatich.The account amounts to a formalisation of the Ramsey test
for conditionals. AconditionalA > B is declared accepted in a state of informaKoif B is
accepted in the state of information whicthe result ofrevising K with respect tcA. While
Gardenfors’saccount takes the truth-functional part of the logiocgaen, the present paper
proposes aemantics entirelpased orepistemic states and operations on tretages. The
semantics is accompanied by a syntactic treatment of conditionalbigh is formallysimilar
to Gentzen'sequent formulation of natural deductinmes? The basic ideainderlying the
approach is inspired by Gardenfors’s proposahterpretpropositions agertainfunctions on
epistemic states.

The languagé to be considered here is a propositional languagetkgtitonnectives ~,
&, [, O, and >, the last of these being @fursethe conditional formingconnective. A
semantics based on models is provided for the language as follows.

A modelM is a quadrupléK, +, *, I K = <[K|, g, V, A, K;, K;> here is dattice
whose universe], usually also denotdf], is a set of epistemic states.is the lattice ordering
relation,K V K' is the join andK A K' the meet of elements andK' of K, K is the unit
element andk; the null elemenK < K’ signifies that informatioi is included inK’; K V K"
can be interpreted as the state of information obtained by comisinagK’; K A K' as the
information common t& andK’; K; as a priorknowledge,while K is what is frequently
called the *absurd’ state of information in which anything is believed indiscriminately.

+ and * are functions, namely expansion and revision, #oxrL to K. Theexpansion
and therevision ofK with respect tA are written K)+(A) and K)*(A), respectively, with
brackets omittedvhere possible. A and *B then indicateoperations on epistemistates.
Greek lettersa, (3, ... stand for (possiblgmpty) sequences sfichepistemicoperationsKa
being the result of applying € the first, then thesecond, etc. oftheseoperations. [Jis a

1| am grateful to Lloyd Humberstone for alerting me to errors and for very helpful suggestions.
2 (Gardenfors 1988), Ch. 7.
3 The only similar treatment | am aware of is a Fitch-style formulatio'M#g in (Thomason 1970).
4 (Gardenfors 1988), Ch. 6.
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relation onK x L; andK [JA signifiesthat statemen& is accepted in epistemic stde The
functions and the relation are subject to constraints from the following list.

(1.1) If KA then, for every K2 K, K' A

(1.2) IfKUOA and K'OA, then(K A K") OA

(1.3) If, for every K K< K'# K, there exists K", K& K" # K, such that
K" DA, then KOA

(2) K O~A iff, for every K'K < K' # K, not: K' A
(3) KOA&BIiff KOA and KOB

(4) KOADOB iffKtAA K+B<K

(5) K OA O B iff K+A OB

(6) KOA>Biff KAOB

(+1) K+ADA

(+2) K<K+A

(+3) If KOA thenK+A<K

(*1) K*AOA

(*2) If K*A 0B and KB LA, then KA = K*B

(*3)  K*(A & B) < K*A+B

(*4) If for every K', K K' £ K, K*A+B # K,
then K A+B < K*(A & B)

(*W) K*A<K+A

(*C) If K OA, then K< K*A

(*S) If for every K', K< K' #K_, K'*A+B # K, then KA OB

Several of these constraints correspond to constraints standardly afdoptegansion
and contraction of beligftates. (+1), (+2) and (+3) correspond tdK+2, K+3, and K+4;
(*1), (*3), (*4), and(*W) to K*2, K*7, K*L and K*3;(*2) and(*C) are related to K*6
and K*4w5

We consider threkinds of models distinguished liie sets of constraints satisfied in
each case. If constrainf$.1)(6), (+1)—(+3), (*1)—(*4) and (*W) aremet,the model is
a VW-model If (*C) is also metthe model is avC-model And aVCS-modelis a
VC-model in which constraint*S) is satisfied® Intuitionistic versions ofVW- andVC-
models can be obtained by deleting constrédnB). There is no intuitionistioczersion of
VCS-models. Constrain(tl.3)is implied by the remaining CS-constraints.

5 See (Gardenfors 1988), Ch. 3 and Ch. 7.
6 (*4) can then be dispensed with.
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Having introduced models it is possible tefine a semantic notion ofogical
consequence in the syst&fw/ :

rFA
if and only if
for everyWVW-modelM = [K, +, *, Mland every KO K, if K JC for every 1T,
then KOA.

Analogous definitions are giveior systemsVC andVCS and forthe intuitionist systems
parallelingvVW andVC. As the label&¥W, VC, andVCS suggest, ware dealing here with
David Lewis's systems of conditional logic, a claim which will be justified later.

In order to define a syntactic notion of consequence we introduce the notisegfient
o : A. As beforeq is a sequence of expressions for expansion and revision operations. Given
a state of informatioiK, the sequentt : A expresseshe claim thatka [JA. A sequent is
provableif it is a Basic Sequent or obtainable from Basic Sequents by means of Transformation
Rules. Depending on the set of transformatiares admitted, weget differentclasses of
provable sequents and different notions of syntactic consequence.

A sequent is said to h@rovable inVW if all the transformation rulegxcept(C) and (S)
are givenprovable invVC if all the transformation rulegxcept(S) are available, androvable
in VCSif all transformation rules are presénthetwo intuitionistic notions of provability do
not of course use the rule (DN).

For each of thesesystemssyntactic consequence is then defined in terms of the
provability of sequents.

B
if and only if
there exists a finite subs@A\, ...,An} of I such that the sequentA; ... +A, : B is provable

Basic Sequents

(Basict) a+A:A Basic) a*A:A

7In the presence of (S) rules (**3) and (C) can be dispensed with.
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Transformation Rules

(Thinning?8 B:A (Weakeniny o:B
ap:A a+A:B

(Permutation® a+tA+BpB:C

a+tB+AB:C
(Cup) o0:A a+AB:C
apB:C
(~ a+A:C& ~C (OE)© a:C&~C
a:~A a:B
(DN) a:~—A
a:A
(&l) o0:A a:B (&E) 0:A&B 0:A&B
a:A&B a:A a:B
(m)! a:A o:B (CE) a+A:C a+B:C «a:A0B
a:AlUB ao:AlB a:C
an a+A:B (TE) a:A0B
a:AlUB a+A:B
=) a*A:B (>E) a:A>B
a:A>B a*A:B
(**1) a*A:B a*B:A a*A:C (W) a*A:C
a*B:C a+A:C

8 Thinningneed not be assumed as a primitive transformation rule, since adding operations on theHaiof a
sequent yields another basic sequent and none of the transformation rules, apririnimy itself, affects such
additions.

9 Permutation of-prefixed formulas is not ingeneralpossible. Consider as an example the epistemic states
K*A*~A andK*~A*A, which, by (*1), support A andA, respectivelyand must therefore be differerstates,
unless they happen to be both absurd.

10 (TE) is redundant in the presence of (DN).
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(**2) a*(A&B):C © a+A:C
a*A+B:C a+A*A:C

(**3) a*A+B:C a:~(A>-~B) (S) a:~(A>-~B)
a*(A&B):C a*A:B

In order to prove soundness, it is established tfit if asequenta : C is provable in a
system,thenfor every modeM = [K, +, *, [l of thatsystem and everstate of information
K OK, Ka OC. It suffices to showthat the claim idrue for basic sequents arttiat the
transformation rules preserve the feature in question.

(Basict) By (+1) K+A DA.

(Basic) By (*1) K*A OA.

(Thinning Suppose that, for evel, KB CC. Then for everK', K'ap OC.

(Weakeniny Ka < Ka+A by (+2). Hence ifKa OC, Ka+A [C.

(Permutation K < K+A by (+2). HenceK+B < K+A+B by Lemma 1. K+A [JA by
(+1), henceK+A+B A by (+2) and(1.1), and scK+B+A < K+A+B by Lemma 2.

(Cut) Suppos& DA andK+AB OC. By (+2) and(+3) K+A =K. HenceKp OC.
(&l) and (&E) By (3).

(~1) Suppos&K+A[IC & ~C. Then by(3) K+A OC and by(2) for everyK', K+A <
K'# K., not: K'LIC. SoK+A =K. Hence, for anK', K < K' # K, not:K' A by
Lemma 2. S&K [O~A by (2).

(UE) If KOC & ~C, thenK =K by Lemma 3. HenckK OB by Lemma 4.

(DN) Suppos& [O~~A, i.e. by(2) K' A for everyK' such thaK < K" # K, which
means that for every' such thakK < K' # K, thereexistsK" suchthatK' < K" # K
andK" JA. HenceK A by (1.3).

(1) SupposeK [OA. ThenK+A < K by (+3). But K+A A K+B < K+A. Hence
K+A A K+B < K andK OA OB by (4).

(LE) Suppos&K A OB, K+A OC andK+B [OC. SinceK =K+AA K+B by (4), K O
C by (1.2).

(00 and (JE) by(5).
(>I) and (>E) by(6).
(**1) By (*2).
(**2) By (*3).
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(**3) SupposeK*A+B 0OC andK 0O~(A > ~B). By Lemma 6for everyK', K < K"
# K., K*A+B # K_. Hence by(*4) K*A+B < K*A&B and by(+2) K*A < K* A& B.
(W) By (*W).

(C) By (+1) and(*C) K+A < K+A*A.

(S) By(*S).

So, ifthe sequent A, +A, ... +A, : Cis provable invW (in VC, in VCS), then for
every VW-model ¥C—model, VCS—-model) M = [K, +, * [ and forevery K O K,
K+A+A,...+A, OC. But by (*2) and(*3) K+A+A,...+A =K if K OA,, K OA,,...,
K OA,. Hence ifsequent A, +A, ... +A: Cis provable invW (in VC, in VCS), then for
every VW-model ¥C—-model,VCS-model)M = [K, +, *, [Mand forevery K O K, if
K OA, K OA,,..., KOA, thenK OC. So, if {A, A,, ..., A} O T and sequent
+A, +A, ... A, C is provable inVW (in VC, in VCS), then for every VW-model
(VC—model,VCS—-model)M =K, +, * [Mand for evenK [0 K, if K [IB for everyB O T,
thenK OC. Given the definitions of pnd ¥ it thenfollows for eachone of thesystemsvW,,
VC andVCS, as well as the two intuitionist systems, thdt {fC, thenl" F C.

v

Completeness of thseystemsV, VW, and VC relative to theconsequence relations
defined byV-, VW -, andVC-models, respectively, isstablished witlthe help of canonical
models. The canonical model for a systetdl js= (K, +., *, L;L) whereK . is thefamily of
sets ofstatements oL which are closedunder the syntactic consequence relation tioét
system, where the lattice ordering is the relation of set inclusion, the tatigteofK andK’ is
K n K, the lattice join is the deductive closurekof] K’, K is the set of theorems, aid, is
the set of all sentenceslof hence the only inconsistent membeKegf ForK [ K. we put

K+.,A={D:AODOK},

K*r A={D:A>D [OK}
and

K L Aif and only if AUK.

Note that, because dill) and (JE), K+.A is the deductive closure Bf[1 { A}.

It will be shown that the canonical model defined by the consequence relati@ysitan
is indeed a model for that system.

(a) The operationstand *. do notleadout of K; i.e. if K 00 K. thenK+.A OO K. and
K*.A O K.. Since theproofsaresimilar, onlythe proof for the secondclaim is presented.
Suppose then tha8{, ...,B,} 0 K* A and {Bs, ..., Bp} -D. Then {A>B,, ..., A>B}
[0 K by the definition of &, and the following sequents are all provable.
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+(A>B)..+A>B) *A:B,

+(A>B) ... #A>B) *A:B,
Given that
+B, ... #B,: D
is provable,
+(A>B)) ... +A>B) *A+B, .., B, :D

n

is provable byThinningand hence so is
+(A>B) ... +tA>B) *A:D
by repeated applications Gut By (>I)
+(A>B) ... +A>B):A>D
is then provable. Consequentlx$B,, ..., A>B}|-FA>D,A>D 0K andD O K*_A,
which means tha&* A is deductively closed and henceip.

(b) The canonical model defined by the syntactic consequence rdtatiarsystenmeets the
semantic constraints of that system:

(1.1) and(1.2) are obvious.

(1.3) SupposeA [0 K. Then ~A O K by (DN). HenceK [ {~A} is consistent by(~I),
the deductive closurg' of K O {~A}is in K., andK O K'. LetK" be any consistent
deductively closed supersetkdf Then -A K" and hencd [J K" by (&l).

(2) Suppose A K andK’ K is consistent. ThenA-[J K' and sinceK' is consistent,
A K’ by (&l). On the other hand, ifA-0 K, thenK O {A} is consistent by (~I) and the
deductive closur&' of K O {A} is an element oK .. So there is a consisteiit 0 K with
AOK'.
(3) by (&) and (&E).
(4) First suppos@é 0B 0 K. AssumethatD O K+.A andD O K+_.B, i.,e,AODOK
andB [0 D O K. The following sequents are derivableBasict andPermutation
+(AOB)+(AOD)+BOD):AOB
+(AOB)+(AOD)+B0OD)+A:D
+(AOB)+(AOD)+B0OD)+B:D
Hence
+(A0B) +(AOD)+B0OD):D
is derivable by[(E). So{AUB,A0D, B OD} |-D andD O K, sinceK is deductively
closed. Hence K+ A n K+.B OO K. Now supposeK+.A n K+.B U K.
AOK+.A. A A 0OB by Basict and (). HenceA OB O K+.A. Similarly,
AUBUOK+.B. ConsequentlyA B [ K.
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(5) AOBUOK iff BUOK+.A by the definition ofiK+_A.
(6) A>B UK iff B K*.A by the definition ofK* _A.
(+1) AOAOK, since the sequentA:lJ A is derivable:
+A:A Basicr)
CAOA an
HenceA [ K+AA.
(+2) K O K+.A, sinceK+_.A is the deductive closure &f [ {A}.
(+3) FADK,K O {A} = K and soK+.A =K.
(*1) A>ADUK, since A>A is a derivable sequent:
*A:A (Basic)
A>A (&)
HenceA U K* A.
(*2) By (**1).
(*3) Supposd [ K* (A&B), i.e. A&B)>D U K. Since one can derive
+(A&B)>D)*(A&B):D (>E)
+(A&B)>D)*A+B:D (**2)
+(A&B)>D)*A:BOD (@n
+(A& B)>D):A>B0OD) >1)
A> (B [UD)UJK and henc® OK* A+_.B.

(*4) Suppose, for every consistdfitl] K, K* ;A+.B is consistent.Takeany consistent
K'O K. ThenK* _A+.B is consistent.B O K'* _A+.B by (+1). Hence B [0 K'*_A by
(+2). SoA > ~B [ K' for any consisteriK' [1 K. Hence ~A > ~B) O K, sinceK is
deductivelyclosed. Now assumi [0 K* A+.B, i.,e.BO DO K*_,A. ThenB O D [
K* (A & B) by (**3). ButB O K*_(A & B) by (*1) and(3). So DO K*.(A & B) by
(UE) and Cut.

(*W) Supposé O K* A, i.,e.A>D 0O K. ThenA O D O K, since one can derive in
VW:

+(A>B):A>B (Basict)
+(A>B)*A:B (>E)
+(A>B)+A:B (W)
+(A>B):AOB @n

SoD O K+,A. HenceK* A.
(*C) SupposeéA K. If D 0K, thenA> D [J K, since one can derive WVC:

+A+D:D (Basict)
+D+A:D (Permutationy
+D+A*A:D ©

+D+A:A>D &)
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SoD O K* A and henc&K U K+_,A.
(*S) Suppose A > ~B) O K. ThenA >B O K by (S)and (>I). So (*S) by
Lemma 6.

Consequentlythe canonical model defined by the consequence relation of any of the
systemsVW, VC, andVCS is a model for that system. Now supptisat not:l" +A. Then
the closurek of I' under consequence does not corkairHence there exists a modeamely
the canonical modeéll. = (K, +., *, [L0 and &K in K, namelyK., suchthatK [} D for
every membeb of I, but notK [L A. l.e.not:T FA. So thesystem iscomplete relative to
models for that system. Hence

If I FA, thenll A,

this for each one of the system¥/, VC andVCS, and their intuitionist versions.

\%

It remains to beshownthat thesystemsvW, VC andVCS of conditional logic which
have been characterised above are identiithl the systems othe same name introduced by
David Lewis!! | take thelatter to be characterised by the axiom schemataderivation rules
used by Gardenfors for this purpdse.

(A1)  All truth-functional tautologies

(A2) (A>B)&(A>C)U(A>B& Q)

(A3) A>(COC)

(A4 A>A

(A5)  (A>B)O (AOB)

(A6) (A& B)O(A>B)

(A7) (A>-~A) 0O (B> -~A)

(A8) (A>B)&(B>A)I((A>C)0((B>0C))

A9) (A>0)&(B>C)0((AOB)>0C)

(A10) (A>C)&~(A>-B)O((A&B)>C)

(All) ~A>-B)J(A>B)

(DR1) Modus Ponens

(DR2) If B Cis atheorem, thelA(>B) [0 (A > C) is also a theorem.

11 (Lewis 1973)
12 (Gardenfors 1988), Ch. 7.
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VW uses (A1)—(A5) plus (A7)—(A10)/C uses (A1)—(A10) andCS (A1)—(Al1l1). Itis
not difficult to derive these axiom schemata in the corresporudilcgli described above; in the
case of (A4), for example, this means that every sequent of the forW: is derivable.

Converselythe following axiom schemataorresponding to transformation rules of the
calculi described can be proved within the axiomatic systamsVC andVCS.

(**1) (A>B)&(B>A)&(A>C)) 1 ((B>C)

(**2) (A&B)>C)J(A>BOCQC))

(**3) ((A>C)&~(A>-B) O ((A&B)>CQC)

(W) (A>B)O(AOB)

©) AOB)O (AU (A>B))

(S) ~A>-~B) O (A>B)

From these the transformation rules themselves can be obtained by (DR2), the derived rule
If B Cis atheorem, therA( B) OO (A I C) is also a theorem,
(DR1), and the introduction- and elimination-rulesfoand >.

Appendix

Lemma 1. If K <K', then KrA < K'+A.
Proof by (5).

Lemma 2.If K <K' and K'OA, then kKtA < K'.
Proof by (+3) and Lemma 1.

Lemma 3. If KOC & ~C, K=K_.
Proof: Suppose&K [OC & ~C. Then by(3) K OC and by(2) for everyK', K < K' # K,
not: K'IC. SoK =K.

Lemma 4.K_, OA, for every A
Proof by (+1) and(+2).

Lemma 5.K+A #z K, if and only if there exists K', KK' # K, such that KUA.
Proof by (+1), (+2) and(+3).
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Lemma 6. K O~(A > ~B) if and only if for every K', K K' # K, K*A+B # K_..
Proof: K O~(A > ~B)
iff for everyK', K< K'# K, not: K' A > ~B ((2))
iff for everyK', K< K'# K, not: K' *A 0~B (e))
iff for everyK', K<K'#K_, not: for everyK", K*A<K” K, not: K" B ((2))
iff for everyK', K< K'# K, there existK", K*A<K” #K_, such thakK" [IB
iff for everyK', K<K'zK,, K*A+B # K, (Lemma 5)
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